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A Linear Multivariable Dynamical Model
of a Supersonic Inlet-Engine Combination

Yanchen Guan,* Shin Yarng,t and Jiahnbo YarngJ
Northwestern Polytechnical University, Xi'an, China

A linear multivariable dynamical model of a supersonic inlet-engine combination, which can be used for the
integrated control design of the combination, is presented in both state space and frequency domain and its
simulation. The inlet portion is modeled by applying and extending Willoh's method of inlet dynamical analysis
with the piecewise lumped volumes of the subsonic duct to both the downstrem and upstream perturbation cases.
The engine portion is primarily modeled on the linearized one-dimensional channel flow with the experimental
data of the engine components considering variable specific heat of gas. The steady-state flow matching of the
inlet and engine is carried out by varying the opening of the bypass doors. The stiff differential equations of the
model are solved by the combined Newton-Raphson and Runge-Kutta methods with different time steps for dif-
ferent time intervals. Then, the dynamics of the inlet-engine combination is simulated digitally. The results from
the simulation are compared with experimental data.
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Nomenclature
area, ft2

speed of sound, ft/s
amplitude, dB
coefficient
thrust, Ibf

compressor inlet guide vane angle, deg
gain
length, in.
Mach number
engine speed, rpm
total pressure, psia
static pressure, psia
phase angle, deg
pressure recovery of inlet
Laplace operator
total temper atur e, °R
time, s
computation time step, s
velocity, ft/s
weight flow rate (air or fuel), Ib/s
any known value
displacement, in.
oblique shock semiangle, deg
disturbance, change, deviation
damping ratio
transport time lag of inlet, s

= Laplace transform of deviation
AR(t), AU(t), AX(t), and AZ(t)

= specific gravity of air, lb/in3

= flow coefficient of inlet
= frequency response
= frequency, Hz

= matrices

vectors
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= unit matrix
= response, control, state, and disturbance

vectors, respectively
L(s),V(s) = transfer matrix of output deviation vector to

control deviation vector AU(t) and distur-
bance deviation vector AZ(f)

Superscripts

o
Subscripts
a,b,lJ9...9
n,n + 1,...,
ci,CD,r,
N,E

B
BP
BL
CD
CI
E
EN
F
FA
GV
H
IEC
IN
M
N
SP
sw
T

- average value
= Laplace transform of nondimensional small
perturbation

= time derivative

= station number of the inlet-engine combina-
tion, Fig. la

= main burner
= bypass
= bleed
= compressor discharge
= compressor intake
= exit
= engine
= fuel
= afterburner fuel
= inlet guide vane
= freestream
= inlet-engine combination
= inlet
= metal
= nozzle
= spike
= normal shock wave
= turbine

Introduction

F IGURE la is a cross-sectional view of a typical supersonic
propulsion system of the inlet-engine combination. The

inlet is an axisymmetric mixed-compression type with a
translating centerbody and bypass door. The engine is a one-
spool, multistage axial compressor with a variable inlet guide
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vane and bleeding doors, and afterburning with a variable ex-
haust nozzle.

An integrated control system is required not only to provide
optimum overall propulsion performance but to provide
operational reliability and safety as well. Evidently, design of
such a high-performance, multivariable control system re-
quires a mathematical dynamical model of the inlet-engine
combination as an integrated control object. The purpose of
this paper is to develop such a linear multivariable model for
integrated control design.

Inlet and engine dynamics have been analyzed and modeled
in a number of ways in the available literature. For example,
Fraiser,1 Mays,2 Willoh,3 and Cole and Willoh4 have
presented different inlet dynamical models. Seldner et al.,5
Stone et al.,6 Miller and Hackney,7 and Geyser,8 and Guan
and Zhang9 have presented dynamical models for different
engine types. On the other hand, publications on the subject
of mathematical modeling of integrated inlet-engine combina-
tions are few, although development and research work on in-
tegrated propulsion control systems has been underway in
many countries over the past 10 years. Chun and Swanson10

have presented analog simulation of an inlet-engine combina-
tion and Wasserbauser11 has completed an experimental in-
vestigation on dynamical response of an inlet-engine combina-
tion. Beattie12 has presented a design of a multivariable in-
tegrated control for a supersonic propulsion system, but has
not given the mathematical formulation. The purpose of this
paper is to develop such a model.

Mathematical Modeling
Formulation of the Problem

The multivariable nonlinear dynamical behavior of the
inlet-engine combination shown in Fig. 1 can be described by
the state equation

X=f(X9U,Z)

and the output equation

R = h(X,U,Z)

(1)

(2)

where

X=[YSW,N,TM,TN] T 4x1 vector

U= [AEP,YSPJGV,AEL,WF,WFA,AE]T 7x1 vector

Z = [MH,PSH, TSH ] T 3x1 vector

R= [ysw,Psl,P52,N,PCD,^EN,rB,rr,Pr,F] T 10x 1 vector

These state, control, and output variables are selected ac-
cording to the actual construction, effectiveness to the con-
trol, convenience of measurement, and simplification of un-
necessary complexity of the control system.

While its linear multivariable dynamical model can be
described by

AX=AAX+BAU+ GAZ (3)

(4)

where A, B, C, D, G, and H are Jacobian matrices of
dynamical coefficients of the plant and AX, At/, AZ, and A/?
are deviation vectors of state, control, disturbance, and out-
put variables, respectively.

Derivation of Eqs. (3) and (4) is presented in the Appendix.

Realization of the Model
In ordinary speed and temperature control system, only

low-frequency dynamics of the engine is required, while the

high-frequency factors, such as gas compressibility, energy
storage, and transport lags in components, are neglected.
Therefore, the low-frequency model of the engine is directly
developed in the time domain without difficulty. Willoh's
model of inlet dynamics has been presented primarily based
upon linearized distributed parameter wave equations in the
frequency domain by a closed-form matrix solution with
piecewise lumped volumes of a subsonic duct in order to
reduce the complexity of mathematical computation.
Therefore, the method of modeling of the inlet-engine com-
bination presented herein is such that 1) the inlet is modeled in
the frequency domain by applying and extending Willoh's
method and the engine is modeled in the time domain
separately at first; 2) the inlet and engine are flow-matched in
steady state by bypassing the excess airflow; 3) at the matching
point, the linearized dynamical model of the inlet is
transformed into the form of the time domain; and 4) the inlet
and engine models are matched dynamically at the steady-state
matching point as the initial point of a transient process.
State-space and frequency models of the integrated combina-
tion can be computed from the dynamically matched separate
models of the inlet and engine.

Inlet Dynamical Model (Frequency Domain)13

For a quasi-one-dimensional flow with the assumptions of
perfect gas relations, a constant specific heat ratio of 1.4 and
inviscid-nonheat-conducting fluid, applying Willoh's method,
the inlet dynamics can be developed as:

Normal shock position to the bypass transfer function:

PEE_l(s)...En + l

ABP(s) (5)

Normal shock position to the freestream disturbance
transfer functions:

(6)

(7)

(8)MH(s)

Normal shock position to the spike position transfer
function:

(9)

Static pressure behind the normal shock to the bypass
transfer function:

AEP(s) (10)

Other transfer functions of required parameters can be de-
ducted from gas relations.

The detailed expressions of matrices P, EE_l9 ... in Eqs.
(5-10) can be found in Ref. 13.

Engine Model (Time Domain)
The nonlinear steady-state and dynamical models of the

engine represented by Eqs. (A6) and (A7) are developed by us-
ing Seldner's generalized simulation technique, and the state-
space model of the engine [Eqs. (A8) and (A9)] is then ob-
tained by the linearization method. Newton-Raphson's
multivariable iteration method of solving simultaneous
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Fig. 1 Inlet-engine combination.

nonlinear equations and Runge-Kutta's method of solving or-
dinary differential equations are used.

Steady-State Flow Matching of Inlet and Engine
Under a definite flight condition, the flow matching of the

inlet and engine is performed by bypassing the excess portion
of air entering the inlet to attain critical operation. Thus, at
this matching point, the air supplied by the inlet is equal to the
air demanded by the engine, or

'= "'EN (H)

The airflow rate of the inlet WIN can be calculated by (refer
to Fig. la)

(12)

and the flow coefficient of the inlet 0IN can be interpolated
from the inlet stedy-state characteristics (Fig..2) for a given
flight condition.

The airflow rate of the engine JFEN for a given intake condi-
tion of Ph Tf and given speed N can be computed directly
from the engine model at the matching point. Equilibrium of
total pressure Pt and airflow rate WEN can be established by
successive iterations.

Dynamical Matching of the Inlet and Engine
The steady-state matching point is then selected as the initial

point of dynamical matching of the combination.

Frequency Response of the Inlet
Frequency response of the inlet can be calculated by replac-

ing the Laplace transform operator s of each element in the
matrices of Eq. (5-10) withyco. For example, from Eq. (5), we
can get frequency response of the normal shock position to
bypass

(CO) (13)

where i//Re and \[/lm (co) are the real and imaginary parts of the
frequency response, respectively.

Time Response of the Inlet
From control theory, the unit step response g ( t ) of a system

can be transformed from its frequency response by the
relation

(14)

State-Space Model of the Inlet
The transfer functions of Eqs. (5-10) contain delay-time

terms e7/, e'0/, e~0/,..., that have an infinite number of poles
and from which our intent is to develop a finite-order state
variable formation of the inlet. Therefore, Eqs. (5-10) must be
modified and can be approximated using curve fitting
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method14 into the standard form

(15)

where fm , fm + 1 , fn , fB + 1 , ..., are damping ratios; cow, com+1,
..., co/, co7+1, ..., <*>„, o>n + 1 , ..., are frequencies; p the number
of integral elements; and K the gross system gain.

Then the frequency-domain representation of Eq. (15) can
be transformed into the state-space form of Eqs. (A3) and
(A4) using the phase variable transformation.15

Time Response of the Inlet-Engine Combination
Now, setting a step ramp of each control variable (such as

bypass area ^4BP or fuel flow rate WF) successively to the com-
bination model [Eqs. (A3), (A4), (A6) and (A7)], transient
responses of state and output variables can be calculated
simultaneously by digital simulation of the model.

Frequency Response of the Inlet-Engine Combination
From the Laplace transform relation

(16)

for a given time-response curve (Fig. 3), the integral interval of
time may be divided into [O, a], [a, b] and [b, O] as shown.
Point a is selected near the origin O but not equal to zero to
avoid overflow in the process of digital computation. Point b
is on the asymptote of the new steady-state condition.

In the interval [O, a]

Hence,

Xt(/«) =Xn (M +Xi2 C/o>) =

(17)

Since Xt(t) and time t had been given in discrete data value,
the first term of the above equation can be computed by Simp-
son's method of integration, and the second term can be com-
puted as

Xi (j<*) = f Xi
J b

(18)

where Xt (I) is the known value of the response X t ( t ) at time b.

State-Space Model of the Inlet-Engine Combination
Equations (3) and (4) can be computed from the time

response of the combination by the method of linearization or
by combining the state-space models of the inlet and engine in-
to partitioned matrix form as shown in the Appendix.

Digital Simulation Results
Figure 4 shows the flowchart of the program.
For an example of the computation, the NASA 48-cm ax-

isymmetric mixed-compression-type inlet (having 60% inter-
nal supersonic area contraction at the design Mach number
2.5, capture area of 272.8 in.2, and a design-corrected airflow
of 35.7 Ib/s, and the J85-13 turbojet engine (with rated speed
of 16,500 rpm, rated airflow of 44.2 Ib/s, and rated dry thrust
of 2296 (Ibf) were selected. Their steady-state performance
characteristics are taken from Refs. 16 and 17.

It is found that the time constant of the inlet is approxi-
mately 0.02-0. 05s and the time constants of the engine (rotor
dynamics and thermodynamics of turbine materials) are ap-
proximately 1 s. Hence, the inlet-engine combination dynamics
is a set of stiff differential equations with a degree of stiffness
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Fig. 4 Flowchart of digital simulation.

around 102. These stiff equations are solved by combining the
Newton-Raphson and Runge-Kutta methods with different
time steps for different time intervals. In the first 0.02 s time
interval, a time step of 0.001 s is taken to compute
the responses of inlet alone without considering the effect of
engine dynamics on inlet responses. Thereafter, at the time in-
terval of 0.02 s and after, the inlet and engine are dynamically
matched using a time step of 0.025 s.

Figures 5-7 show the typical responses of the state and out-
put variables to the control of bypass at a flight condition of
Mach number 2.46, total temperature of 702°R, total pressure
of 15.5 lb/in.2, and engine speed of 16,170 rpm.

Transient Responses
Figure 5 shows the responses of the normal shock position

ysw, static pressure behind the normal shock PS2, static exit
pressure of the inlet Psi, flow rate of the engine WEN, total in-
let temperature of the turbine TB, total compressor discharge
pressure PCD, engine speed TV, and thrust F of the combination
to a 3% step increase in bypass air (or 1.12 Ib/s).

The normal shock position and related inlet variables PS2
and Psi are increased to their new steady value quickly in 0.05
s and oscillated periodically with a small amplitude, while the
engine flow rate WE-^ is decreased to a new steady value
quickly in 0.02 s. These responses represent the high-
frequency nature of gas compressibility and the high traveling
speed of a small air disturbance.

The engine speed TV and its related variable PCD are increased
monotonically to the new steady value slowly in 3.0 s with a
slight oscillation. This reflects the low-frequency nature of a
large moment of inertia of the engine rotor. The thust Fis sud-
denly decreased much below its original steady value due to a
sudden decrease in the engine flow rate WEN and increased
gradually to a value higher than its original steady value due to
the increase of engine speed N.
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Frequency Responses and Experimental Verification
The analytical frequency responses of normal shock posi-

tion Fsw and static pressure PS2 to the bypass flow of the com-
bination are given by the solid lines of Figs. 6 and 7, while the
data points of Figs. 6 and 1 show the corresponding ex-
perimental frequency responses. It can be seen that they are
quite agreeable when lower than 30 Hz and relatively dis-
crepant when higher than 40 Hz.

Effect of Inlet Extention Duct Length
Figure 7 shows the effect of the length of the inlet extension

duct (Ln+l in Fig. la) on the dynamical behavior of the inlet.

It can be seen that the response frequency will be decreased by
increasing the length of the extension duct. This represents an
increase in the gas capacity of the duct.

Concluding Remarks
A mathematical method of modeling the linear multi-

variable dynamical behavior of the supersonic inlet-engine
combination and its digital simulation both in the frequency
and time domains was presented. The results of the method
were found to be in quite good agreement with experimental
data below 30 Hz, but not as good above 40 Hz; probably due
to the imperfection of the one-dimensional gas flow modeling
of the inlet due to many factors, e.g., boundary-layer in-
fluences, flow distortion, and actual two- or three-dimen-
sional phenomena had not been considered.

In general, the method developed herein can be applied to
other types of inlet-engine combinations. Further work is re-
quired to refine this model.

Appendix
Derivation of State-Space Model of the Inlet-Engine Combination

For convenience of analysis and computation, the
mathematical model can be formulated in the inlet and engine
separately at first and then integrated into one.

State-Space Model of the Inlet
As shown in Fig. Ib, the nonlinear dynamical behavior of

the inlet can be described by the state equation

"/IN (

output equation

(Al)

(A2)

where

XIN = [Xl,X2,...Xp] T pxl vector,
composed of variable 7SW,...

Um=[Ul9U29...Uq]T qx\ vector,
composed of variable AEP, ysw,

ZIN = [Z1,Z2,...Zr]r r x l vector,
composed of variable MH, PSH,'

/?IN = [ .R1 , /?2»--~Rs] r sxl vector,
composed of variable 7SW, PS2, PSi, Th WEN,...

are in more generalized form. Let

/IN (^IN » ̂ IN »^IN ) = L/l 5 /2 > • - -fp 1

then the linear dynamical model of the inlet can be developed
by Taylor's series expansion at a particular operating
point as

=AINAXW +BIN

= CIN A*IN + />IN

W + GINAZIN

IN + //IN AZIN

(A3)

(A4)

where ^4IN, BIN, GIN, CIN, DIN, and //IN are pxp, pxq,
pxr,sxp,sxq, and s x r Jacobian coefficient matrices of the
inlet and matrices CIN, DIN, and HIN may be rewritten as par-
titioned forms as

Cn

CT> 'IN,2

ZIN,1

^IN,2
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where CIN>1, CIN>2, AN,I> AN,2» ^IN,I> and ^iN,2 arepx/?,
(s-p)xp,'qxq,\s-q)xq, rxr, (s-r)xr matrices.

And

AUlN=[AUltAU2,...AUg]T

AZIN=[AZ1,AZ2,...AZr]r

ARIN,2

where AJ?IN>1 and A#IN2 arepx 1 and (s— p)x 1 matrices.
Equation (A4) may be rewritten as

AN,I

VI"I

TW
"IN,2

AZ,,
(A5)

State-Space Model of the Engine
In the same manner, the nonlinear dynamical behavior of

the engine can be described by

(A6)

(A7)

=/E

where

XEN= [Xp+l9Xp+2,...Xt]T (t-p)xl vector,
composed of variables N9 TM, TN9 ...

^EN = [Uq+l9Ug+29...UU]T (u-q)x\ vector,
composed of variables 7GV, AEL, WF, W?^, AE

ZEN = [Z/.+ 1,Zr+2,Z3]r (s-p)x 1 or 3x1 vector,
composed of variables Ps/, Ti9 WEN

^EN= [Rs+i>Rs+2>—R»]T (w-5)xl vector,
composed of variables PCD 9 T B 9 TT9PT9F9...

and the linear dynamical model of the engine can be written as

=AENAXEN +BENAUEN + GENAZ

AREN =

ENEN ENEN E N E N

+DENAUEN +HENAZEN

(A8)

(A9)

where ̂ EN, 5EN, GEN, CEN, DEN, //EN, AXEN, AUEN, AZEN,
and A/?EN are (t-p)x(t-p), (t-p)x(u-q), (r-/?)x3,
(w — s ) x ( t — p ) 9 (w-s)x(u-q), (w-5)x3, ( t — p ) x \ 9
(u — q)x\, 3x1, and (w—s)xl matrices, respectively.

State-Space Model of the Inlet-Engine Combination
Combining Eqs. (A3) and (A5) with Eqs. (A8) and (A9), we

have the state-space model of the inlet-engine combination of
Eqs. (3) and (4), where

AZ = AZIN v x 1 vector AX = w x 1 vector

A =
(txt)

CIN.I '. 0 1

rENCiN , 2 |CE NJ(wxO

B =
! 0

D IN.l

(wxi ; )

(wxv)

Derivation of Frequency-Domain Model of the Inlet-Engine
Combination

The vectors and matrices in Eqs. (1) and (2) all are functions
of time, thus

AX(t) =AAX(t) + BAU(t) + GAZ(t) (A10)

AR(t) =CAAT(0 +DAU(t) +HAZ(t) (All)

for a zero initial condition, may be rewritten in the form of a
Laplace transform as

+ GQ(s)

\(s)=C*(s)

Equation (A 12) may be rewritten as

or

where

(A12)

(A13)

(A14)

(A15)

(A16)

T =(- time constant matrix
gain matrix of state vector

to control vector
gain matrix of state vector

to disturbance vector

Substituting Eq. (A 15) into Eq. (A 13) and rearranging, we
have

(A17)

where

L(s)=C[sI0-A]-lB + D

Therefore, Eqs. (A 16) and (A 17) represent the mathe-
matical model of the inlet-engine combination in the fre-
quency domain.

I -^-IN
——— - | < x l vector At/=
A^EN

u x 1 vector
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From the AIAA Progress in Astronautics and Aeronautics Series...
COMBUSTION EXPERIMENTS IN A

ZERO-GRAVITY LABORATORY—v. 73
Edited by Thomas H. Cochran, NASA Lewis Research Center

Scientists throughout the world are eagerly awaiting the new opportunities for scientific research that will be available
with the advent of the U.S. Space Shuttle. One of the many types of payloads envisioned for placement in earth orbit is a
space laboratory which would be carried into space by the Orbiter and equipped for carrying out selected scientific ex-
periments. Testing would be conducted by trained scientist-astronauts on board in cooperation with research scientists on
the ground who would have conceived and planned the experiments. The U.S. National Aeronautics and Space Ad-
ministration (NASA) plans to invite the scientific community on a broad national and international scale to participate in
utilizing Spacelab for scientific research. Described in this volume are some of the basic experiments in combustion which
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